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STATISTICAL SIMULATION OF RANDOM FIELD ON 2D AREA
WITH GENERALIZED GNEITING TYPE CORRELATION FUNCTION
IN THE GEOPHYSICAL PROBLEM OF ENVIRONMENT MONITORING

(MpedcmaeneHo 4YneHoM pedakyiliHoi Koneaii 0-poM 2eos. Hayk, cm. docnidHukom O.l. MeHbwoesum)

Due to the increasing number of natural and technogenic disasters the development of geological environment monitoring system is
actual using modern mathematical tools and information technology.

The local monitoring of potentially dangerous objects is an important part of the overall environment monitoring system.

Complex geophysical research was conducted on Rivne NPP area. Among these monitoring observations radioisotope study of soil
density and humidity near the perimeter of buildings is of the greatest interest.

In this case a problem was occurred to supplement simulated data that were received at the control of chalky strata density changes
at the research industrial area with use of radioisotope methods on a grid that included 29 wells.

This problem was solved in this work by statistical simulation method that provides the ability to display values (random field on a
plane) in any point of the monitoring area. The chalk strata averaged density at the industrial area was simulated using the built model
and the involvement optimal in the mean square sense correlation function generalized Gneiting type.

In this paper the method is used and the model and procedure were developed with enough adequate data for generalized Gneiting
type correlation function.

The model and algorithm were developed and examples of karst-suffusion phenomena statistical simulation were given in the problem
of density chalk strata monitoring at the Rivne NPP area. The statistical model of averaged density chalk strata distribution was built in
the plane and statistical simulation algorithm was developed using generalized Gneiting type correlation function based on spectral
decomposition. The research subject realizations were obtained with required detail and regularity at the observation grid based on the

developed software. Statistical analysis of the numerical simulation results was done and tested for its adequacy.
Keywords: Statistical simulation, generalized Gneiting type correlation function, spectral decomposition, conditional maps.

Introduction. Due to the increasing number of dangerous
natural and technogenic disasters the development of
geological environment monitoring system is actual using
modern mathematical tools and information technology.

The local monitoring of potentially dangerous objects is an
important part of the overall environment monitoring system.

When monitoring of such objects a lot of problems were
raised, for example, such as the lack of some data in the
database, or insufficient quantity or necessity to supplement
the database without conducting additional research.

The Department of Geophysics at Institute of Geology
and involved experts from Faculty of Mechanics and
Mathematics of Taras Shevchenko National University of
Kyiv in recent vyears developed theoretical and
methodological application basics of statistical simulation in
the development of geological environment monitoring.

Theoretical aspects of capacity use of statistical
simulation of solving problems in the work of Geophysics are
considered in (Yadrenko, 1983; Grikh (Vyzhva) et al., 1993;
Viyzhva, 2003, 2011). Practical testing on real data density
chalky strata on the territory of the Rivne NPP was carried
out for the fields on the plane - in the (Vyzhva et al., 2004),
but using only Bessel correlation function and Cauchy
functions (Vyzhva et al., 2014, 2017) and the Whittle-Matern
type correlation function (Vyzhva et al., 2019). In this paper,
the method and the model and procedure involving enough
adequate in the mean square sense data correlation
function generalized Gneiting type (Gneiting, 1997; Gneiting
et al., 2010; Vyzhva et al., 2021) are used.

We should note, that methods of random field's statistical
simulation were used in geosciences problems in works:
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(Mantoglov, Wilson, 1981, Chiles, Delfiner, 1999; Gneiting,
1997; Gneiting et al., 2010; Wackernagel, 2003; Vyzhva et
al., 2010, 2017) and other.

Problem of karst-suffusion phenomena monitoring at
Rivhe NPP area. The complex geophysical research was
conducted on Rivne NPP area. Among these monitoring
observations radioisotope study of soil density and humidity
near the perimeter of buildings is of the greatest interest.
The soil density was determined by gamma-gamma well
logging, soil humidity - by neutron-neutron logging.

In this case (Vyzhva et al., 2017) a problem occurred to
supplement simulated data that were received at the control
of chalky strata density changes at the research industrial
area with use of radioisotope methods on a grid that
included 29 wells. Schematic representation of the
measurement results at the object that was investigated,
and the well locations are shown on Fig. 1. These data are
obviously not enough to represent the overall picture of the
chalk strata, where due to the aggressive water action the
karst-suffusion processes were significantly intensified.

This problem was solved in works (Vyzhva et al., 2004)
and (Vyzhva et al., 2017) by statistical simulation method that
provides the ability to display values (random field on a plane)
in any point of the monitoring area. The chalk strata averaged
density at the industrial area was simulated using the built
model and the involvement of the Bessel type correlation
function (Vyzhva et al., 2004), Cauchy correlation function
(Vyzhva et al, 2016, 2017) and the Whittle-Matern type
correlation function (Vyzhva et al., 2019).

This work continues development of methods for
statistical simulation, involving optimal in the mean square
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sense correlation function generalized Gneiting type that is
well-known in geostatistic works (Chiles, Delfiner, 1999;
Gneiting, 1997; Gneiting et al., 2010).

This operation was done for data array of density chalk
strata in 1984-2002 years' for 29 wells at Rivhe NPP
industrial area and depth is 28 m below the surface.
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Fig. 1. Observation points and chalk strata averaged density at industrial area of Rivhe NPP

The method of solving the problem. Data of density
chalky strata was divided (Vyzhva et al., 2017) into
deterministic and random components. Deterministic
function can be selected by the method of approaching the
minimum curve (separation of the trend). The difference
between the map of input density values and the trend is in
most cases a homogeneous isotropic random field. With the
assumption that the input data is a random field 1 (x), then
we express them through a random component & (%) (so-
called "noise" random field) and trend f(X)as a
deterministic function as follows:

n@) = f(x) + ()

Thus, the problem has been reduced to simulation of
random component é(X), which in most cases is a
homogeneous and isotropic.

Consider the same approach as in (Grikh (Vyzhva) et al.,
1993; Vyzhva et al., 2004; Vyzhva, 2011). We use the
method of statistical simulation of random fields, which are
homogenous and isotropic, based on their spectral
decomposition. By means of the obtained values of
realizations, this technique allows to find the perfect image
of these isotropic fields in the whole observation interval.

It is necessary to make the statistical analysis to build
the model and procedure of statistical data simulation at
observation area. If the verified data has distribution density
with approximately Gaussian type, then procedure can be
used, which is developed in (Grikh (Vyzhva) et al., 1993;
Vyzhva et al., 2004; Vyzhva, 2011) to generate on the
computer realizations of the simulated data by means of
standard normal random variable sequences.

At first the distribution is determined. The preliminary
statistical analysis of data shows that the distribution
histogram of chalky strata density at the Rivne industrial
area (29 boreholes) approximately has Gaussian
distribution (Fig. 2).

The use of authors' techniques of statistical simulation
implies preliminary statistical data processing to determine its
statistical characteristics: the mathematical expectation and
the correlation function. If the hypothesis of Gaussian
distribution of the investigated field is confirmed, then the
mathematical expectation and the correlation function
completely define this field and give us the opportunity to build
the adequate statistical model, which is based on spectral
decomposition of random functions. The principles of
constructing the models and procedures are described below.
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Fig. 2. Histogram of the chalky strata density (averaged data for all years of observation):
1 — the number of observations in a separate range of density; 2 — theoretical Gaussian curve
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Then statistical models were chosen for the data
correlation function for distribution of chalky strata density in
the flat observation area. This function is defined by
comparing the mean square approximation of the empirical
and theoretical variograms. As result the input data was
most adequately described by means of 5 types of
correlation functions: the holeeffect correlation function (1)
at the value of parameter ¢ = 1,4, the Bessel correlation
function (2) at the value of parameter a = 5, the Cauchy
correlation function (3) at the value of parameter a = 1, the
Whittle-Matern type correlation function (4) at the value of
parameter ¢ = 1:

B(p) = exp(c p)cos(c p), ¢ =14; (1)

B(p) =Jo(ap), a=5; (2)

where J,(x) is the Bessel function of the first kind of order
k=0.

B(p) = e, a=1; 3)
B(p) = ﬁ@ pﬁxg(c p), c=1; (4)

where K:(z) is a modified Hankel function of order 3/2 and ¢
2

is parameter.
In this paper we used enough adequate data generalized
Gneiting type correlation function:
B(p)=(1+7p)(1—p)" ,12p=0. ®)
Note that the generalized Gneiting family model
(Gneiting, 1997) is:
B(p) = (1+ (b + 1p)(1 - p)®*V,
>t g —2a=1, (6)
where a and b are parameters, d is dimension of space.
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Then such spectral density f(1) for homogeneous
isotropic random field ¢é(x) in 2D space is calculated
(Vyzhva et al., 2017) by conducting the following formula:

fQ) =21[, xJo(Ax)B(x) dx, (7)
where J, (x) is the Bessel function of the first kind of order
k=0.

Thus the spectral density, which is corresponding to the
generalized Gneiting type correlation function (5), is by using (7):

f) =25 plo(@p)A + 7p)(1 - p)” dp. (®)
The spectral coefficients of generalized Gneiting correlation
function, which according to correlation function (5), are
determined by calculating the integral:

b (r) = % fon(l + 147 sing)(1—271 sing)” cos 2 kode (9)
Note, that we used the formula for spectral coefficients as an
integral of correlation function (Grikh (Viyzhva) et al., 1993):

b(r) = %T B(2r sing) cos2kopdd. k=12,.. (10)

Variograms figures of input data of chalky strata density,
that correspond to the: holeeffect (1) correlation function (the
mean square approximation is 0,000742); Bessel (2)
correlation function (the mean square approximation is
0,0008599); Cauchy (3) correlation function (the mean
square approximation is 0,002816) were given in paper
(Vyzhva et al., 2019). Variograms of this input data, that
correspond to the Whittle-Matern type correlation function
(4) (the mean square approximation is 0,000311),were built
by using the R software and geoR package Plots were
presented at Figure 3, according to this types correlation
function variograms of the random component of
investigation data.
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Fig. 3. Variograms of input data of the chalky strata, that corresponding to the:
(a) the Cauchy (3) correlation function at the value of parameter a = 1 (standard deviation - 0,002816);
(b) the Whittle-Matern type (4) correlation function at the value of parameter ¢ = 1 (standard deviation — 0,000311)

The model of random field on 2D area with the
generalized Gneiting type correlation function and the
numerical simulation procedure. The realizations of
random field é(x) = é(r, @) on 2D area with the correlation
function generalized Gneiting type (5) are generated. The
statistical simulation was performed by the technique of
spectral decomposition and finding of spectral coefficients.

From the spectral theory (Vyzhva, 2011) it follows that
the model of random fields on a plane with such correlation
functions is a sum of:

Ev(, @) = k=0 Vi () [ (M) coske + i (r)sinke] (1)
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1, k=0,
2, k>0

erand ¢ (r €R,, ¢ €[0,2]) are polar coordinates of
the point x on the plane (includes observation area), and the
distance pbetween the points x; = (11, 1) and x, = (1, ;)
equals

where: v, = {

p =12 + 1} — 213008 (91 — 92);

e N is an integer number (the number of the summands
in the model), the value of N is determined by the prescribed
small number ¢ (approximation accuracy) by the inequality
from paper (Grikh (Vyzhva) et al., 1993), which is the
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estimate of the mean square approximation of random field
&(r, @) by partial sums &y (7, @);

e b (r) (k=0,1,2,...,N) are the spectral coefficients in
form of (9), which correspond to correlation function
generalized Gneiting type (5) of random field &(r, ).

The procedure of numerical simulation the realizations of
the data field random component, by means of the
abovementioned model (11), was conducted by using the
Spectr 2.1 software, which is described in (Vyzhva et al., 2004).

The value of number N for the constructed model is
determined by the inequality, which is the estimate of the
mean square approximation of random field é(r, ¢) by partial
sums &y (7, @). This number N corresponds to the prescribed
small number ¢ (approximation accuracy). The mentioned
inequality was obtained in work (Grikh (Vyzhva) et al., 1993)
and in form of:

MIE(r, @) — En(r @2 < — Gy +725),  (12)
where y;, = fom Ak £(D)dA, (f(1) - is spectral density of the
random field &(r, @)). (13)

We define dependence number N on r and ¢ in the case
of generalized Gneiting type correlation function (5). It is
necessary to calculate the values of p, k =12 for the
inequality (7), by using the density of distribution (8).

Then the calculated values (B(p) - generalized Gneiting
type correlation function (5)) hold:

po= [ Af A = [ 22 [} x]o(Ax)B(x)dxdA;  (14)
wy = fy 2 fdr = []° 2 [ xJo(Ax)B(x)dxdA.  (15)

Consequently, the estimate of the mean square
approximation of the random field &(r, ¢) with generalized
Gneiting type correlation function (5) by the partial sums
&y (r, @) has the following representation:

NGe) = = (G +72u,), (16)
where p, k = 1,2 are the values (14) and (15).

The statistical simulation procedure of Gaussian
homogeneous isotropic random field é(r, @) on the plane
was built by means of the model (11) and the estimate (12).
This random field is determined by its statistical
characteristics: the mathematical expectation and the
generalized Gneiting type correlation function B(p) (5).
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Fig. 4. Semivariogram of separated random component input
data of the chalky strata density, that corresponding
to the generalized Gneiting type correlation function
at values of parameter a = 1 (standard deviation 1,51E-06)
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Procedure.

1) The positive integer number N is determined
corresponding to the prescribed accuracy ¢ and by using
inequality (16), where r is a radius of the point on the plane
in which the realization of the random field &(r,¢) is
generated. The integer number N equals 59 by using the
prescribed accuracy € = 5 x 1072,

2) We calculated the spectral coefficients by (r) (k =
0,1,2,..,N), N =59, in form of (9), which correspond to
generalized Gneiting type correlation function (5).

3) We generate values of the standard normal random
variables {{;, k =0,1,2,..,59} and {n,, k =0,1,2,...,59}.

4) We calculate the realization of the random field é(r, )
in points (r;,¢;),i =1,..,10;j =0,..,9 € R* and avaluate
the expression (11) by substituting in it values which were
found in the previous steps,.r; =0.1x1i, i =1,..,10; ¢; =
. 2 .,

JX350 1= o0,..,9.

5) The statistical estimate of the correlation function is

obtained by the realizations of the random &(r,). This

estimate compares with a given generalized Gneiting type
correlation function (5) and provides the statistical analysis
the adequacy of realization.

Note that the procedure can be applied to random fields
with another type of distribution. Then the random variables
{¢(), k=0,12,...,N}and {n.(r), k=0,12,..,N} should
be distributed by corresponding type of distribution.

The original Spectr software, based on the results of the
statistical data processing and the mentioned procedure for
the simulation values of such data realization in the two-
dimensional case, was developed in Python, where selected
generalized Gneiting type correlation function (5) was used.

The following Fig. 4 presents the semivariogram plot of
the separated random data component of chalky strata
density according to the generalized Gneiting type
correlation functions (5).

Fig. 5 presents the variogram plot of the simulated
random data component of chalky strata density according
to the generalized Gneiting type correlation functions (5).
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The results, which were obtained by the simulating
procedure, are displayed in Figure 6. Figure 6 (a) presents
an example of constructed map of chalky strata density
according to observations data boreholes (averaged data
over the years to 29 boreholes at 28 m) by Surfer software.
Using available data accuracy of this construction cannot
provide a reliable characteristic of the chalky strata status,
because the number of measurement results is not
sufficient.

(a)
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Fig. 6 (b) presents the contours of equal values of chalky
strata density based on simulated data including values of
the anchor boreholes by means of calculating the spectral
coefficients of generalized Gneiting type correlation
function. Additionally, the output data (160 simulated values
in intervals between the observation points of this level) can
have more reliable approximation that enables more
informed decisions about the status of chalky strata and
determines places for testing and additional research.
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Fig. 6. The distribution of chalky strata density is on the industrial area of Rivne nuclear power plant at a depth of 28 m
from the surface, according to the averaged data of 29 observational boreholes over 1984-2004 years (a),
for the simulated data based on the values in secure boreholes by generalized Gneiting type spectral coefficients (b)

The results present that the chosen model of the chalky
strata density data is rather adequate (standard deviation
1,01E-06). The developed Spectr2_1 software works with
sufficient accuracy.

Conclusions. The theory, techniques and procedure of
statistical simulation of random fields on the plane by using
optimal in the mean square sense the generalized Gneiting
type correlation function can significantly increase the
effectiveness of monitoring observations on the territory of
potentially dangerous objects. This makes it possible to
simulate the values in the area between regime
observation grids and abroad, adequately describe real
geological processes.
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The method of statistical simulation of random fields with
the generalized Gneiting type correlation function allows
complementing data with a given accuracy. It can also be
used to detect abnormal areas.

There are several other fields of statistical simulation methods
application in geosciences. Among them primary are soil science
and environmental magnetism (Menshov et al., 2015).
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CTATUCTUYHE MOOENIOBAHHS BUMTAKKOBOI'O MNMons B HBOBVIMIE’HIVI OBJIACTI
3 KOPENSAUIMHOIO ®YHKLIEK Y3ATANIBHEHOIO TUMY MTHEUTIHIA
B FrEO®I3NYHIN 3AO0AYI MOHITOPUHIY AOBKINNA

Y 3e'A3Ky 3i 3pocmaHHSIM KinbKocmi NpupoOHO-MexHOo2eHUX Kamacmpog akmyasibHO € po3pobka cucmeM MOHIMOPUH2Y 3a CMaHOM 2e0J102i-
4HO20 cepedosuuia 3 BUKOPUCMaHHSAM Cy4acHO20 MameMamu4Ho20 anapamy ma iHghopmayiliHux mexHosiozill. ¥ 3a2anbHili cucmemMi MOHimMopuHay
0O0EKiss eaXs1UBOH0 CK/1ad0B80OH0 € JIOKaslbHULI MOHIMOPUH2 mepumopili po3mawyeaHHs1 mTomeHyiliHo He6e3ne4yHux o6'ekmie.

Ha mepumopii po3miweHHs1 PieHeHcbkoi AEC npoeoduecsi koMmnnekc 2eogpisudHux docnioxeHb. Ceped makux MOHIMOPUH208UX CITIOCMeEPEXeHb
Halibinbwulii iHmepec cmaHoensams padioizomonHi docnidxeHHs1 2ycmuHU ma eosio2ocmi rpyHmie no nepumempy 36ydoeaHux criopyd. BooHoyac
8UHUKa npobriema Aono8HeHHs1 MOOesIlo8aHHSIM OaHUX, sIKi OmMPUMaHO Npu KOHMPOi 3MiHU 2ycmuHu KpelidsitHoi moew,i Ha mepumopii docnidxy-
8aHo020 npomMmalidaHyuka 3 eUKOpUCMaHHSIM padioizomonHux memodie no cimyi, wo eknroyana 29 ceepdnosuH. Taky npobrnemy 6yso eupiweHo y
po6omi MemodomM cmamucmu4Ho20 Modeslro8aHHs, KUl Hadae MoXueicmb eidobpaxamu sieuuje (eunadkoee rnose Ha NAOWUHiI) y 6yOb-siKili mo-
qyyi o6nacmi cnocmepexeHHs. lpu ybomy modentoganucs ycepeOHeHi 3Ha4YeHHsI 2yCmuHU KpelidsiHoi moewi Ha mepumopii npoMmMalioaH4uka i3
suKopucmaHHsIM NobydoeaHoi Modesnli ma 3any4eHHsIM onMuMasibHOi 8 cepedHbLOMY Keadpamu4HOMY HabnuXeHHi kopensiyiliHoi pyHKYiT y3a2anb-
HeHoz2o muny HelmiHaa.

Po3po6neHo anzopumm ma npuknad cmamucmu4Ho20 MOOesTi08aHHSI Kapcmoeo-cyho3iliHux sseuwy, y 3adayvi MOHIMOpPUH2y 2ycmuHuU KpeldsiHol
moseuwi Ha mepumopii PieHeHcbkoi AEC. 3a cnekmpanbHUM po3knadom nobydoeaHo cmamucmuyHy Modesib po3rnodiny ycepeOHEeHOI 2yCmuHU Kpeu-
OsiHOT moewji Ha NIowuHi ma po3po6sIeHo as2o0pPuUMM cmamucmu4HoO20 MOOEesTI08aHHSI 3 BUKOPUCMAaHHAM YHKUiT y3a2anbHeHo20 muny HelimiHza.
Ha 6a3i po3pobneHozo npozpaMHO20 3abe3neyeHHs1 peanisayii npedmema docnidxeHHs1 Ha cimyi cnocmepexeHb ompuMaHO Heo6xiOHy demarb-
Hicmb ma peaynsipHicms. [lpoeedeHo cmamucmuyHul aHani3 pe3ysnbmamie YucesibHO20 Modeslto8aHHSI ma ix rnepeeipka Ha adekeamHicme.

Knroyoei cnoea: cmamucmuyne modentosaHHs, kopensiyiliHa yHKyiss y3azanbHeHo2o muny HelimiHea, cnekmpanbHuli po3knad, KoHAuyi-
Hicmb kapm.
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