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THE FEATURES OF THE PROPAGATION OF ELASTIC WAVES
IN ISOTROPIC MEDIA AT HIGH AND ULTRA-HIGH PRESSURES

(PexomeHAo8aHO YrieHOM pedakyiliHoi konezil 0-pom ¢his.-mam. Hayk, npodp. b.I1. Macnosum)

Studies of problems of the propagation of elastic waves in the geological medium constitute the scientific basis of the processing and
interpretation of dataset of seismic exploration and seismological works.

Objective. Creation of a more grounded theoretical basis of the geomechanical interpretation of various groups of geophysical
observational and experimental data.

Methodology. Nonclassical-linearized approach of non-linear elastodynamics. Linear and nonlinear small and large initial
deformations are taken into account. The strain processes are described applying various elastic potentials.

Results. Analytical dependences of the parameters of pressure and velocities of propagation of elastic waves on deformations without
additional linearization are obtained within the framework of various versions of the theory of small and initial deformations using the
quadratic and elastic potentials of the Murnaghan type.

Scientific novelty. It is established that there are critical values of deformation while reaching them elastic pressure and shear waves
with true velocity cannot propagate in uniformly deformed elastic isotropic media. The quantitative values of the critical values of
deformations for pressure and shear waves differ, and essentially depend on the applied elastic potentials.

Practical significance. The obtained analytical dependences allow synthesizing the true values of the elastic parameters of the
deformed media from seismic exploration and seismological dataset. The establishment of critical deformations for velocities of pressure
and shear waves will make it possible to suggest differential criteria of the distribution of elastic parameters in theoretical models of the
Earth in its various structural elements as a whole and separately.

Keywords. Nonlinear elastodynamics, elastic waves, initial deformation, velocities of pressure and shear waves.

Introduction. The nonclassical-linearized approach
(NLA) of nonlinear elastodynamics has been greatly
developed in studies of problems of the mechanics of a
deformed solid body in the last few decades [4, 5, 10, 11, 16,
18, 21, 37]. Later the NLA was applied to study various
problems of geology, geophysics, mining, etc. [1, 3, 6-9, 11,
19, 20, 26]. The problems are considered in all these studies
excluding separate papers in case of the ratio of the pressure
parameter P to the shear modulus g is much less than unit.
Based on this circumstance, a direction is developed in the
NLA where after the linearization of all the equations and
correlations in a small neighborhood of the disturbed state
(both at small and large initial deformations), linearization is

also additionally carried out in terms of the parameter P .
U

This constraint is not adequate with both practically [2,
12, 13] and experimentally observed result [14, 29, 30, 32,
33] in large classes of problems of geology and geophysics.
In particular, the distribution of physico-mechanical as well
as elastic parameters of the Earth are obtained in the
theoretical structural and dynamic models of the Earth [2,

0

Where u,?, are components of the displacement vector

of the initial-deformedstate, and 4, are coefficients of

elongation (shortening) along the coordinate axes.

Further, let's consider the problems on the propagation
of elastic waves in a previously deformed isotropic space
under the conditions (1)—(3).

12, 13, 15, 17, 22-25, 27, 28, 31, 34-36, 38] while violating
the condition of smallness of the indicated correlation.

It is shown that, the basic requirements of the mechanics
of the deformable solid body relating to the strength, stability
and propagation of elastic waves with true velocity are
violated in the process of the generally accepted distribution
of the elastic parameters of the medium and pressure in the
inner solid core of the Earth applying the NLA (under the

conditions P << 1)in[20]. In this connection, it is of scientific
y7i

and applied interest to study the character of changes of
parameters of propagation of velocities of elastic waves and
pressures as a function of changes of strains within the NLA

under the conditions of removing the constraints P <<1
U

which are important for the problems of geophysics of deep

depths. Theoretical results are used for this purpose [4, 5].

Materials and methods. Let'sconsider an unbounded

elastic space subject to homogeneous deformation in the

Lagrangian coordinate system x,7:x,17 coinciding in the

natural state with Cartesian coordinates.

Um = (4m 1) Am; Am = const,m =1,2,3. (1)

In case of compressible models of the medium, the basic
systems of equation of motion for the theory of large and
various versions of the theory of small initial deformations in
a unified form have the form [4, 5]

o; i azu” - =0, o; =const . (2)
/aﬂaxiax/j I_/(Zﬂ
In case of the theory of large initial deformations
O jap = 47| 01 j0u pAi 5 + (1= 81 1)(8140) 5 + 6 501 )i j |+ 6 5074Shs - @)
For the theory of small initial deformations according to the first and the second versions of the theory
Oijap =4y [5:'/'5,1/3"\;/3 +(1-0; ;)69 4 +5Iﬂ5ja)ﬂijJ+5iﬁ5ja‘72'ﬂ ; (4)
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wijaﬂ = 5I'j§aﬂAiﬂ +(1_5Ij)(§la5]ﬂ +5,-ﬂ5ja),u,-j +5iﬁ5jagﬁﬂ . (5)

The following correlations [4, 5] are obtained considering elastic waves propagating along the axis ox; according to the

equation (4) in case of the theory of large initial deformations

2 _ 4 200, 2 4,2 2 q0
PCiyy = A+ 4 Sty pCsyx, = 4 A2z + 44 Sty (6)

2 4,2 2 <0
PCsxy =M A3 13+ 47 Sty -
In case of the second variant of the theory of small initial deformations

PV, = A (A +0ty); pV&, = (g +071); PVszx3 = (g +oty) - (7

The structure of the values A; 4,4;; and Sgﬂ (oragﬂ )

for each version of the problem statements is concretized by
the definition of the correlations of the elasticity of the
nonlinear theory (elastic potentials) in the correlations (3)—
(5). Specific expressions of these values for the simplest
elastic potentials are given in [4, 5, 21]. In the expressions
(2)~(7), u; (i =1,2,3) are the components of the perturbation

of displacements, 82/, are the components of the stress
tensor assigned to a unit of an area in the initial-deformed
state, 0',-? is the stress tensor component assigned to a unit
of an area in the natural state, p is the medium density and

o;; are the Kronecker symbols. It is easy to obtain

analogous formulae in case of the propagation of elastic
waves along other coordinate axes through cyclic
permutations of the indices in (8) and (9).

The experimentally observed acoustoelastic effect (of
various kind of reactions, velocities of polarized shear waves
on the action of initial deformations) in comparatively solid
compressible media is described using elastic potentials in
the structure of which, the third algebraic invariant of the
Green's deformation tensor [4, 5] is also taken into account
along with the first two. The simplest elastic potential
corresponding to this requirement is a potential of the
Murnaghan type. Thereby, the results concerning the
potential of the Murnaghan type are given below.

In this case for all variants of the theory of initial
deformations [4, 5]

Ap = /1+2ag,9,, +2b(g,? +82ﬂ)+2§,ﬂ (y+bg,?n +cg,9) , (8)

0

o 1
/JU :/l+b€nn +§C(8ﬁ +€jj

For theories of large initial pressure

) ., A,u,ab,c=const. (9)

2 2
9y = 160, +2uey +a(eD,)? + 260,69, +b (g,?,,) +c (ggﬂ) , (10)

where 4, are Lame's elasticity moduli, a,b,c are the elasticity moduli of the third order.
There are correlations for the first and the second version of the theory of small initial deformations correspondingly

2 2
agﬂ = /182,7 +2,u€2,3 +a(£2,, ) +2b£2n82,5 +b(£2,,) + c(ggﬁ) , 28,? = 0j (;sz —1) , (11)
2 2
05 = 20y + 2uefly +alepn P +2bs0nehs +b(0, ) +o(e5s) s & =8 (% -1). (12)

Formulae (6) and (7) considering the correlations (8)—
(12) allow studying the behavior of the parameters of
velocities of propagation of elastic waves in isotropic
compressible solid media depending on the nature of the
change of random value of homogeneous deformations
within the theory of large and two versions of the theory of
small initial deformations.These formulae and correlations
are obtained and applied to solve various specific problems
of mechanics in [4, 5, 21].An additional linearization is
carried out in the expressions of formulae (10)—(12)
eliminating nonlinear terms with respect to deformations in
the study of specific problems based on practical
mechanical arguments.

Pressure P with stress are related to the following
correlations [21] for the theory of large, first and the second
variants of small initial deformations

for the theory of large and the first version of small initial states

0 0 . po 0 . po0 0
Pﬂ:)’ﬂsﬂﬂ’ Pﬁ:ﬂﬂgﬁﬂ’ Pﬂ:(fﬂﬁ . (13)

The nonlinear character of the dependence of the
basic parameters of the medium on the change of
strains. Normal components of stress tensor within the
theory of large and small initial strains within the NLA are
determined according to the equations (10)—(12).

Let's consider the case of overall deformation for clarity
and simplicity of statement especially in problems of
geomechanics of large depths of overall deformation, i.e.

,9101 = 582 = 333 = &g is the most important case. At the same
time we get from correlations (10)—(12) considering (13):

1
PO :(1+280)§ |:3K0 &0 +(93+15b+0)8§:|; KO = ﬁ+§/4, (14)

for the second version of the theory of small initial deformation states
Py =3Ky g +(9a+15b+c)sp . (15)
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Using the correlations (6), (7) and (8)—(12) in case of overall

homogeneous deformation to determine the dependence of

the quasive locities of propagation of elastic waves on deformations considering the well-known correlations

pC,20 =1+2yu,

PV = A+2u,

ngO =HU, (16)

PV =, (7)

in case of the theory of large and the first version of small initial deformations we will get

5
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Here C,0 and CSO are the velocities of propagation of

pressure and shear waves in the medium without initial
deformations within the theory of large initial deformations
accordingly; \/,O and Vso are the same within the second

version of the theory of small initial deformations. In the
correlations (18)—(21), v —is Poisson's ratio of the material.
The parameters of pressure and shear waves within the
theory of large - the first version of the theory of small and
the second version of the theory of small initial deformations

RESR]

2
] in the paper accordingly.

/X1 IX1

2
Cs# and L
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lo

are defined with values[
lo

SXo
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So

. +(33a+55b+9¢)(4 +2u) }55+(/’L+2y)‘1(42a+70b+100)gg’,

6(1-v)

(9a+27b+50)}go +—(18a+42b+60)go ,
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Y (3b+c)}go+

(19)

~1(6a+10b +20)}go {? +(A+2u) (212 +35b +50)}s§ +
-V

(20)

+u '(9a+21b +30)}5§ +

(21)

In case of the quadratic elastic potential in the formulae
(14), (15) and (18)—(21), it is necessary to consider
a=b=c=0.

Initial data for numerical experiments. The structures
of formulae (14), (15) and (18)—(21) allow performing
calculations for the entire interval of variation of the
Poisson's ratio 0 <v <0,5 in case of using the quadratic
elastic potential. In case of applying an elastic potential of
the Murnaghan type for performing specific calculations, it is
also necessary to have information on the elasticity moduli
of the second ( 4, # ) and the third (a,b,c ) orders.

The necessary initial data for a number of materials are
shown in Table 1. Data for plexiglas and steel 092c are
taken from [4], and data for plagiogranite are taken from [8].
The data related to the theory of large initial deformations
are given in the numerator and the data related to the
second version of the theory of small initial deformations are
given in the denominator. The dashes in the plagiogranite
column indicate lack of data for this case.

Table 1. The necessary initial data for a number of materials

Medium

parameters | 102 ,MPa | 10%b ,MPa | 103, MPa | 103, MPa | 104, MPa v
Plexiglas -39 -7.16 “1444 4,04 19 0,3401
0,268 312 6,77
Steel 73} =309 -799 94,4 79,0 0,2722
269 214 483
Plagiogranite 387 -199 =624 39,95 26,63 0,1999

Results and discussion. Graphs of change of the
parameters of pressure and shear elastic waves in plexiglas

(red color), steel 092C (green color) and plagiogranite (blue
color) depending on the growth of compression
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deformations are shown in Fig. 1-2. These calculations are
performed using the quadratic elastic potential. Similar
results calculated using an elastic potential of the
Murnaghan type are shown in Fig. 3, 4. Comparison of the
results in Fig. 1-2 with Fig. 3—4 show that the results
obtained using various elastic potentials differ quantitatively.
In this case, it is necessary to give preference to results
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corresponding to the potential of the Murnaghan type, since
it is known that [4] the use of this potential allows correctly
describing the acoustoelastic effect. The character of the
change of parameters of pressure and shear waves
fundamentally differ within the framework of linear and
nonlinear approximations due to the increase of the value of
compression deformation.
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Fig. 1. Dependences of the parameter of elastic waves pressure on the growth of values of compression strains:
a — equation (18) considering linear constituents, b — equation (18) considering all the constituents within the theory of large and the first
variation of small initial strains, c — equations (20) considering the linear constituents, d — equations (20) considering all the constituents
within the second version of the theory of small initial strains (in calculations a=b=c=0)
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Fig. 2. Dependences of the parameter of shear elastic waves on the increase of values of compression deformations:
a — equation (19) considering only linear constituents, b — equation (19) considering all the constituents within the theory of large and the
first version of the theory of small initial deformations, ¢ — equation (21) considering only linear constituents, d — equation (21) considering
all the constituents within the second variation of the theory of small initial deformations (in calcualtions a=b=c=0)
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Fig. 3. Dependences of the parameter of elastic waves pressure on the increase of the values of compression deformations:
a — equation (18) considering only linear constituents, b — equation (18) considering all the constituents within the theory of large and the
first version of the theory of small initial deformations, ¢ — equation (20) considering only linear constituents,

d — equation (20) considering all the constituents within the second version of the theory of small initial deformations
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Fig. 4. Dependences of the parameter of elastic waves pressure on the increase of the values of compression deformations:
a — equation (19) considering only linear constituents, b — equation (19) considering all constituents within the theory of large and the first
version of the theory of small initial deformations, ¢ — equation (21) considering only the linear constituents, d — equation (21) considering
all the constituents within the second version of the theory of small initial deformations

It follows from Fig. 1—4 that the values of the quasi-
velocities of pressure and shear waves decrease in case of
quadratic elastic potentials both at small (taking into account
both variants) and large initial deformations due to the
increase of compression deformation. Such results do not
describe available [4] experimental data. Similar results for
the considered materials obtained within the framework of
an elastic potential of the Murnaghan type show
fundamentally different character of the change. The quasi-

velocity of both pressure and shear waves increase for each
concrete material up to a certain value of the deformation
values of overall compression within the framework of all
variants of the theory of initial deformations and types of
elastic waves. Further, due to the increase of values of
compression deformation, the values of the quasi-velocities
of both types of volume waves continue to increase within
the framework of linear approximations, and they decrease
within the framework of nonlinear solutions. For both types
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of volume waves, there are critical values of the
compression deformation while reaching them elastic waves
with true velocity cannot propagate in the medium. Despite
the quantitative difference in the increase of quasi-velocities
in the initial stage of the increase of values of compression
deformation, critical values of compression deformations are
found in the further stages of deformations (at large
deformations) within the framework of the considered
versions of the theory of the quadratic potential.

Based on the obtained theoretical formulae and numerical
results, the impossibility of propagation of elastic waves with
true velocity in the deformed media can be explained as
follows. Dimensions of stresses and elasticity moduli are the
same. The quantitative values of velocities of propagation of
elastic waves are determined in the form of certain ratios of
the elasticity moduli to the medium density. In case of
deformed media, the ratio of the values of stress tensor
components to the density is caused by nonlinear actions of
the medium by the velocity dimension. The levels of the
normal components of the stress tensor reach values
comparable to the elasticity moduli of the medium of
propagation of elastic waves under high baric conditions.
Therefore, the quasi-velocities of elastic waves can increase,
decrease, and turn to zero in the process of deformation
depending on the nature of the action and on the stress level.

Conclusions. The dependences of change of pressure,
parameters characterizing the velocities of pressure and
shear elastic waves on the increase of values of the
compression deformation in elastic isotropic media are
analyzed within the framework of linear and nonlinear
approximations of the NLA of nonlinear elastodynamics
involving various elastic potentials. The linear and nonlinear
solutions obtained within the framework of various elastic
potentials differ quantitatively and qualitatively. Consideration
of large and nonlinear strains of compression made it possible
to determine their critical values while reaching them elastic
pressure and shear waves with true velocities cannot
propagate in elastic isotropic media. These features
manifested in the process of propagation of elastic waves in
the deformed isotropic media have important theoretical and
applied values in the development of structural and true
models of the Earth. It is necessary to properly take them into
account in the process of development and interpretation of
the corresponding geophysical data.
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Hapivwna no peakonerii 15.06.17

NMPO OCOBIIMBOCTI PO3MOBCIOMKXEHHA NMPYXXHUX XBUJIb B I3OTPONMHUX CEPEAOBULLIAX
3A BUCOKUX | HAOABUCOKUX TUCKIB

HocnidxeHHs1 numaHb NOWUpPeHHs1 NPYXHUX Xeuslb y 2eoslo2iyHoMy cepedosuwi cmaHoesisimb Haykogy ocHogy o6pobku ma iHmepnpemayii
Komnekcy OaHux celicMopo3eidyeanbHux i celicMosio2iYHux po6im.

Mema. CmeopeHHs1 6inbw 062pyHmMoeaHoi meopemuyHoi 6a3u 2eomexaHi4HOl iHmepnpemauii pisHux 2pyn 2eoghizu4HUX criocmepexeHHUX ma
eKkcriepumMeHmasnbHuUx 6aHux.

Memoduka. HeknacuyHo-niHeapu3oeaHul nidxid HeniHiliHoi enacmoduHaMiku. Ypaxoeyrombcs niHiliHi ma HeniHiliHi Mani U eenuki no4amkoei
degpopmauyii. Mpoyecu deghopmauii onucyrombcsi 3a 00NMOMO20H0 Pi3HUX MPYKHUX MoMmeHyiasie.

Pe3ynbmamu. Y mexax pisHux eapiaHmie meopii Manux i noyamkoeux degpopmauyili i3 3acmocyeaHHsiM keadpamuyHozo i MypHacaHCbk020
murnie nNpyXHuUX MomeHuyianie ompuMaHoO aHanimuyHi 3anexHocmi napamempa mMucky i weudkocmel MOWUPEHHS NPYXHUX X8Uslb 8i0 deghopmayili
6e3 dodamkoeoi niHeapu3auii.

Haykoea Hoeu3Ha. YcmaHo8/1eHO, W0 iCHylromb Kpumuy4Hi eenuyuHu deghopmayii, npu docsiaHeHHI siKux 8 00HOPiOHO deghopMosaHUX MPYX-
Hux i3omponHux cepedoguujax He MOXymb MOWUPO8AMUCS NMPYXXHi M03006XHI U nonepeyYHi xeusni 3 pe4oeuHHot weudkicmro. KinbkicHi 3Ha-
YeHHSs1 KpUMUYHUX 8eslu4UH deghopmayili On1si N03008XKHIX | mMonepeyHUX xeusib 8iOPI3HSIFOMbLCS Ma iCmMomHo 3asnexamsp 8i0 3acmocoeaHux npy-
JKHUX MomeHuyianie.

lMpakmuyHa 3HaYumicmb. OmpumaHi aHanimu4Hi 3anexHocmi 00360/1s1l0Mb CUHMe3y8amu CrpaeXHi eeIUYUHU NPYXHUX Napamempie deghop-
MoeaHux cepedoeuuy 3 KOMMeKcy celicMopo3eidyeanbHux i celicMosio2iyHUX daHUX. YcmaHoesleHHs1 Kpumu4Hux degpopmayili dnsi weudkocmeli
no3008XHIiX i nonepeyHux xeusb 00380/1UMb 3anpornoHysamu oughepeHyiliHi kpumepii w000 po3nodiny NPyXHUX nNapamempie y meopemuyHuUx
modensix 3emri 3a2asioM i okpeMo 8 i1 Pi3HUX cMPyKMypHUX efleMeHmax.

Knro4oei cnoea: HeniHilina enacmoduHamika, npyxHi xeuni, noyamkoea degpopmayisi, wieudxkocmi No300BXKHIX i MonepeyHUX xeusb.
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OB OCOBEHHOCTAX PACMPOCTPAHEHUA YINPYIUX BOJIH B U3OTPOMHbLIX CPEAAX
MNPU BbICOKUX U CBEPXBbICOKUX OABJIEHUAX

HccnedoeaHusi eonpocoe pacnpocmpaHeHUsi yrpyaux e0JIH 8 2eosio2udeckoli cpede cocmaersisiiom Hay4yHyro ocHoey o6pa6omku u uHmepnpe-
mayuu Komnekca 0aHHbIX celicMopa3eedoYHbIX U celicMosio2u4decKux pabom.

Lenb. Co3zdaHue 6onee o60cHo8aHHOU meopemuyveckoli 6a3bl 2e0MexaHUYecKol UHmepnpemayuu pasiudHbIX 2pynn 2eogpu3uyecKux Habsio-
OeHHbIX U 3KcrnepuMeHmarnbHbIX OaHHbIX.

Memoduka. HeknaccuyecKu-nuHeapu3upoeaHHbIl nodxod HenuHeliHOU 351acmoduHaMuKu. Y4umbieaomcs IuUHeliHble U HesluHelHble Marnbie U
6onbwue HavanbHble degpopmayuu. lpoyecchbi deghopmayuu onuckbI8aromMcsi C MOMOWbIO Pa3IUYHbIX Ypyaux MomeHyuanos.

Pe3ynbmamsi. B pamkax pa3nuy4HbIX 8apuaHmos meopuu mMasbiX U HavyanbHbIx deghopmayuli ¢ npumMeHeHUeM keadpamuyHo20 u MypHazaHc-
KO20 muroe yrnpyaux nomeHyuasnoe nosy4eHbl aHalumu4Yeckue 3agucuMocmu napamempa AaesieHusi u ckopocmel pacrnpocmpaHeHusi yrnpyaux
80J1H om deghopmayuli 6e3 donosHUMesIbHOU JluHeapu3ayuu.

HayyHasi Hoeu3Ha. YcmaHoesieHo, Ymo cyujecmeyrom Kpumu4yeckue eesiuduHbl deghopmayuu npu ocmuxxeHUU Komopbix 8 0OHOPOoAdHOo degho-
PMUpPOBaHHbIX Yrpyaux U30mMpPOrHbIX cpedax He Mo2ym pacnpocmpaHsmbsCcs ynpyaue npodosibHbie U rnornepeyHbie 80JIHbI C 8eU,ecmeeHHol CKo-
pocmeio. KonuyecmeeHHble 3Ha4YeHUs1 KpumMuYeckux eeniuduH egpopmayuli 0s1s1 NPOAOSILHLIX U MOMNEePeYHbIX 60JSIH OMIIUYAOMCS U CyujecmeeH-
HbIM 06pa30M 3a8uUcsiM oM NMPUMEeHsIEMbIX yNpya2ux NomeHyuanoe.

lMpakmuyeckas 3Hayumocme. lonyYyeHHbIe aHasluMuYyecKue 3agUcUMOCMu MoO3e0JITH0M CUHMe3UpPoeamb UCMUHHbLIE 8e/TUYUHbI yrpya2ux napa-
mMempoe dehopmMuposaHHbIX cped U3 KoMsekca celicMopa3eedoYHbIX U celicMosio2uyecKux OaHHbIX. YcmaHoesieHue KpumuYyeckux deghopmayuli
AOns ckopocmel NpodosibHbIX U MonepeYHbIX 80JIH Mo3eosium npednoxums uggepeHyuanbHbIe Kpumepuu o pacnpedesieHuro yrnpyaux napamMe-
mpoe 8 meopemuyeckux modersisix 3eMs1u 8 YesIoM U 8 omaAesIbHOCMU 8 ee Pa3siuYHbIX CMPYKMYPHbLIX 3/IeMeHmax.

Knroyeenie crnoea: HenuHeliHasi anacmoduHaMuKa, yrpyaue 60JIHbl, Ha4anbHasi de¢hopmayusi, CKOPOCmMuU NPodosibHbIX U MONepPeYHbIX 80JIH.





